Appendix A

Partial Orders

A partial order isarelation < acting on aset S, which satisfies

<y A(y<z)=z<z

<y ANy<z)<=ar=y

The following are examples of partial orders:

(A) The set of subsets of the natural numbers, ordered by inclusion (C), e.g.
{1,2,8,4} C{1,2,3,4,5}

(B) Thefinite sequencesof lettersordered lexicographically. i.easadictionary, where
the first letter is most significant, e.g

() < (a) < {aa) < (b) < (bazzz)

An upper bound of asubset A of S isan element » of S such that
Vo:Az <z

A least upper bound of asubset A of .S, written LIA, isan upper bound of A, such that,
for any upper bound z of A, UA < .

In example A, above, consider the subset S = {{1, 2},{2, 3},{3,1}}. Theleast
upper bound for Sis{1, 2, 3}.

A directed set is anonempty subset A C S such that

Vz,y: A Fz:A0 (2<2)AN(y<z)

A partial order S issaid to be complete, if it hasaleast element L, and every directed
set A € S hasaleast upper bound.
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Example B, above, is not a complete partial order. Consider the subset

U = {{a),{aa), (aaa),..}

U isclearly directed, yet it has no least upper bound.

Example A, however, isacomplete partial order. Any subset isdirected, and has a
least upper bound. Thereis aleast element — the empty set.

If S and T are two complete partial ordersand f : S — T, then f issaid to be
monotonic if

{z,y} SNz <y=f(2) < f(y)
Also f iscontinuousif whenever A C S isdirected, L{f(z)|z € A} existsand equals

f(UA).

Lemma 7 Suppose S, T' are complete partial ordersand f : S — T is continuous.
Then f is monotonic.

Theorem 14 (Tarski) If S isa complete partial order, and f : S — S is continuous,
then f has a least fixed point (i.e.,, 3z : S suchthat f(z) = z and, if f(y) = v, then
z < y). Thisisgiven by

L{F"(L)|n € N}
Strict Partial Orders
A strict partial order isarelation < acting on aset S, which satisfies

(z<yANy<z)=z<z

r<y= —(y <z
We can aways construct a strict partial order from a partial order by

z<y<=(z<y)A(z#y)
And we can always construct apartial order from a strict partial order by
z<y<=(z<yV(z=y)

We say that S islinearly ordered, if for any z, y € S exactly oneof z < y, y < z, or
x = y holds.



