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Abstract. In recentyearstherehasbeena trendtowardsusingstandardworkstation
componentsto constructparallelcomputers,dueto the enormouscostsinvolved in
designingandmanufacturingspecial-purposehardware. In particularwe canexpect
to seea largepopulationof SMPclusters emerging in thenext few years.Theseare
local-areanetworksof workstations,eachcontainingaroundfour parallelprocessors
with asinglesharedmemory.

To usesuchmachineseffectively will bea majorheadachefor programmersand
compiler-writers. Here we considerhow well-suitedthe BSP model might be for
thesetwo-tier architectures,andwhetherit would be useful to extendthe model to
allow for non-uniformcommunicationbehaviour.

1 Introduction

Thestructureof thispaperis asfollows. Firstweshallreview theexistingBulk Synchronous
Parallel (BSP)modelof computationandillustrateits cost-predictionmodelwith a suitable
example. Thenwe shall considerhow the BSPcomputerdiffers from emergenthierarchi-
cal supercomputingarchitectures.Next wedefinea two-tieredBSPcomputer, with a refined
cost-predictionmodel. A representative selectionof algorithmsareparallelisedusing the
new model,andtheirperformanceis analysedto seewhetherany significantgainin scalabil-
ity is achievedwith respectto theexistingmodel.

TheBSPcomputationmodel

TheBSPcomputer[3] consistsof a numberof processor/memorypairsconnectedby a com-
municationsnetwork. Eachprocessorhasfastaccessto local memoryanduniformly slow
accessto remotememory.
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TheBSPprogrammingmodelis aprominentexampleof theuseof remotememorytrans-
fer. This is an alternative to messagepassing,in a distributedmemoryenvironment. Each
processcandirectly write andreadto the memoryof a remoteprocess.Theseactionsare
one-sidedwith noactionby theremoteprocessandhencethereis nopotentialfor deadlock.

Executionof a BSP programproceedsin superstepsseparatedby global synchronisa-
tions. A superstepconsistsof eachprocessdoingsomecalculation,usinglocal data,and/or
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communicatingsomedataby directmemorytransfer. Theglobalsynchronisationeventguar-
anteesthat all communicationhascompletedbeforethe commencementof the next super-
step.

BSPprogramsareSPMD,whichstandsfor singleprogrammultipledata. Eachprocessor
runsanidenticalprogram,but theprogrammerhasaccessto thecurrentprocessid (which is
in therange0 to ���������	��
� , where���������	� is thetotalnumberof processes)to allow different
behaviour to beimplementedateachnodeif required.

ThemainBSPcommandsareasfollows:

bsp begin, bsp end definestartandendof SPMDcode

bsp pid getlocalprocessid

bsp nprocs gettotalnumberof threads

bsp sync performbarriersynchronisation

bsp put, bsp get transferdatato/from otherprocesses.In someimplementationsthis may
take placeat any time duringsuperstepsoonemustnot use/changethedatauntil after
thenext globalsynchronisation.

Let us considera FORTRAN programfor the numericalsolutionto Laplace’s equation
over a rectangulardomain,with fixedvalueson theboundary, usingthetechniqueof Jacobi
iteration[1]. Thesequentialcodefor asingleiterationis asfollows:

DO J = 1, JMAX
DO I = 1, IMAX
UNEW(I,J) = 0.25 * ( U(I-1,J) + U(I+1,J)

+ U(I,J-1) + U(I,J+1) )
END DO

END DO

WecouldparallelisethisusingBSPby arrangingthegrid into overlappingstrips,eachto
beworkedonby aseparateprocess.

Each iteration involves a computationphase,then a communicationphase,and finally a
globalsynchronisation.

ME = BSP_PID()
NPROCS = BSP_NPROCS()
...
DO J = 1, JMAX / NPROCS
DO I = 1, IMAX
UNEW(I,J) = 0.25 * ( U(I-1,J) + U(I+1,J)
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+ U(I,J-1) + U(I,J+1) )
END DO

END DO
IF (ME .GT. 0) THEN
CALL BSP_PUT... ! update process to the left

END IF
IF (ME .LT. NPROCS - 1)
CALL BSP_PUT... ! update process to the right

END IF
CALL BSP_SYNC()

BSPcostmodelling

Perhapsthemostimportantfeatureof BSPis its cost-predictionmodel,which makesit rel-
atively easyto evaluatethepotentialefficiency of analgorithmprior to implementation.In
thismodeltheparallelcomputeris reducedto four constants� ��������������� where��� processorspeed(Mflops)��� numberof processors

��� latency/synchronisationtime
time for 1 floatingpointop

��� time to get/send1 fp. value
time to do1 floatingpointop.

Thecostof asinglesuperstepis then

��� �!�#"$�%�&�
andthepredictedexecutiontime is givenby

��'�( � ���)�!�#"$�*�&�$�
where�#� = maxnumberof f.p. operationsperformedby any process�#" = maxnumberof realvaluescommunicatedby any process
TheBSPcostof thewholetaskis just thesumof theindividualsupersteps.

In the caseof the above Jacobiiterationexamplewe evaluatethe BSPcostfunctionas
follows. Let us assumethat the grid hasdimension+ in eachdirection. Thenthe amount
of datapointsto be updatedby eachprocessoris ,.-/ . Eachupdaterequiresfour arithmetic
operationssowe have:

�#�0�21 +43�
Themostcommunicationthatany processorhasto do is to outputtwo completecolumnsto
neighbours(andsimultaneouslyto input two new columnsfrom the sameparties). So we
have: ��"5�76 +
This leadsto anoverall costfunction,for asingleiteration,of

1 +43� �86 + �%�&�
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Notethatwecouldreducethecostby partitioningthedatagrid into squaresratherthanstrips.
In thatcasethecostwouldbe

1 + 3� �91 + �: � �!�

UsingtheOxford implementationof BSP[2], parameters� ��������������� have beenmeasured
for awidevarietyof architectures.Thesemaybeusedto predictthelikely performanceof a
BSPalgorithmprior to execution(or evenprogramconstruction).Certainalgorithmscanbe
immediatelyconsignedto thewaste-bin,perhapsavoidingmonthsof futile effort.

Herearesomeexamplesof BSPparametersfor someparticulararchitectures,basedon
theOxfordBSPlibbenchmarks[4].

Machine s p l g
Origin 2000 101 4 1789 10.24

32 39057 66.7
CrayT3E 46.7 4 357 1.77

16 751 1.66
PentiumNOW 61 4 139981 1128.5
10Mbit sharedether 8 826054 2436.3
PentiumII NOW 88 4 27583 39.6
100Mbitswitchedether 8 38788 38.7

2 Extending the model

TheBSPmodelhasbeenverysuccessfulasareliablemeansof producingtruly portablepar-
allel software.A catalogueof efficientBSPalgorithms,coveringawidespectrumof compu-
tationalproblems,hasbeenconstructedby researchersin Oxfordandtherestof theworld.

Howeverrealhardwaremaydiffer from theBSPmodelin certainimportantrespects.

1. Local memoryaccesstimesarevariable– they areaffectedby theusualhierarchyof
memory, cacheandregisters.

2. Accesstimesto remotememorymayvarybecauseof non-uniformitywithin theinter-
connectionnetwork.

Difference1 maybeabsorbedinto theBSPmodel,if required,by allowing thevalueof� , theprocessorspeed,to becomeapplication-specific.It maybemeasuredfor a particular
programby benchmarkingonasingleprocessor.

Difference2 mayalsobeconcealedusingrandomplacementof processesto processors
andrandommessage-routing,whichinvolvesdivertingall messagesvia somearbitraryinter-
mediatelocation.However, to do this removesany possibilityof improving performanceby
exploiting fastlocal communications.

In anSMPcluster, thecostof communicationbetweenseparateSMPunitsmayfar out-
weighthecostof local communication,involving only processorswithin thesameunit. So,
althoughwe canmake sucha beastbehave likea BSPcomputerby theabove technique,we
maynotwish to doso.Let usconsideranextensionto theBSPmodel,whichallowsfor two
levelsof synchronisation.
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TheBSP2computer

A BSP2computerconsistsof a numberof BSPunits, connectedby a communicationnet-
work. EachBSPunit, in turn, consistsof a fixednumberof processor/memorypairs,con-
nectedby a localnetwork. Eachprocessorhasfastaccessto its localmemoryanduniformly
slow accessto memorybelongingto otherprocessorswithin thesamenetwork. EachBSP
unit hasuniformlysloweraccessto thememorywithin otherBSPunits.
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Executionof aBSP2programproceedsin super-supersteps, separatedby globalsynchro-
nisations. On eachsuper-superstepeachBSPunit performsa completeBSPcomputation
and/orcommunicatessomedatawith otherBSPunits.

BSP2costmodel

TheBSP2computeris modelledby sevenparameters� ��������;������=<>���#�=?@� , where��� processorspeed(Mflops)��� numberof processorsin eachBSPunit;A� numberof BSPunits(total processorcount: �CBC; )
��� latency/synchronisationtime for BSPunit

time for 1 floatingpointop

<D� latency/synchronisationtime for all BSPunits
time for 1 floatingpointop

��� time to get/send1 fp. valuewithin a unit
time to do1 floatingpointop.

?E� time to get/send1 fp. valuebetweentwo units
time to do1 floatingpointop.

Thecostof asinglesuper-superstepis F0G �8<C�!��".?
whereF0G = maxcostof BSPcomputationperformedby any unit�#" = max numberof real valuescommunicatedby all the processorswithin a BSP unit
to/fromotherunits.

To realiseprogramsin thisextendedmodel,additionalBSP2primitiveswouldneedto be
provided,e.g.

bsp uid getBSPunit id

bsp units gettotalnumberof BSPunits, ;
bsp usync synchronisewithin aunit

bsp uput, bsp uget transferdatato/fromprocessorswithin thesameunit.
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So we arenow in a positionto develop BSP2algorithmsandto calculatetheir perfor-
mancetimes.For thesake of comparison,we shallneedsomemeansof predictinghow fast
ordinaryBSPprogramswould run on the BSP2computertoo. This involvesworking out
BSPparameters� ���������.�H�I� for theBSP2machine� ��������;������=<>���#�=?@� .

Clearlythe � -parameter, representingprocessorspeed,will beunchanged.Thetotalpro-
cessorcountwill be ��; . Overall synchronisationof thesystemwill requirea local synchoni-
sationwithin eachunit to befollowedby globalsynchronisation,andthereforewill havecost�I�8< . Thesoledifficultly arisesin decidinguponavaluefor � .

Due to the randomplacementof processeson processors(in BSP not BSP2)we can
assumethat communicationwill be remoteratherthanlocal. The costof sendinga single
realvaluefrom oneprocessorto a processorin anotherunit mustincorporatethelocal data-
transmissioncostof � plus the costof transmissionbetweenunits. The rateat which the� individual processors,within a a unit, cantransmitdatato otherunits shouldbe � times
slower than the rate ? at which the unit as a whole can transmitdata. Theseconsidera-
tionsleadto a � -valueof �A�J�I? . ThustheordinaryBSPparametersfor theBSP2machine� ��������;������=<>���#�=?@� are � ������;������!<K�H�%�L�I?�� .

3 BSP2 parallelisation and cost-analysis of representative algorithms

In this sectionwe work out the BSP2cost for the naturalBSP2parallelisationof certain
importantalgorithms.In eachcasethis is comparedwith thecostof runningthebest-known
BSPalgorithmontheBSP2machine.Fromnow on,for thepurposeof clarity, weshallomit
certainsmallconstantsfrom costexpressions.

Thealgorithmswe shallconsiderareasfollows:

Diamond DAG: acomputationwith adependencepatternshapedasan �MB%� regularsquare
grid.

Thecostfunctionfor thenaturalBSPparallelisationof thisalgorithmis
� 3� �N�#�O�P��� .
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Cube DAG: a computationwith a dependencepatternshapedasan �!B¤�¥B¤� cubegrid.

TheBSPcostis
�§¦
� � � 3: � �%� : �¨� .
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Matrix-vector multiplication: assumingthat the matrix dataarepredistributedacrossthe
processors,theBSPcostis � 3� � �: � �í�!�

Matrix-matrix multiplication: BSPcost
�§¦
� � � 3� -î

�*�&� .

Parallel sort by regular sampling: BSPcost
�%ïñð�ò5�
� � �

� �%�!� .
For full detailsof thesealgorithms,andhow they areparallelisedusingBSP, pleasesee[6]
and[7].

Thefollowing tablelists theBSP2costof eachof theabove algorithmsagainstthecost
of runningBSPcodeon theBSP2machine.

Algorithm BSP2cost BSPonBSP2machine

DiamondDAG óõôöø÷Où óIúüû ùþý ÿ�ù ö�÷ � ù ÷�� óõôö�÷Où óIú û ù ö ý ÿõù öø÷ ú � ù � ÿ
CubeDAG ó

�
öø÷ ù ó ô

�
û� ö�÷ ù ý� ÷�� ù � ö�÷ � ù � ÷�� ó

�
öø÷ ù ó ô

�
û� ö�÷ ù � ö ý� ÷	� ù � ö�÷ ú � ù � ÿ

Matrix 
 vector ó ôöø÷ ù ó
�
û� ö�÷Kù ý� ÷��ù � ù � ó ôö�÷Où ó

�
û� öø÷0ù � ö ý� ÷	� ù � ù �

Matrix 
 matrix ó
�
öø÷Où ó ô

�
û

ú öø÷ ÿ�� ù ý÷ � �þù � ù � ó
�
ö�÷Où ó ô�� û

ú ö�÷ ÿ�� ù ö�� ý÷ ��� ù � ù �
PSRS ó�������óöø÷ ù ó

�
ûöø÷0ù ý ÷�� ù � ù � ó�������óöø÷ ù ó

�
ûöø÷0ù ý ÷�� ù � ù �

Whenthesecostfunctionsareanalysedin detail they do not make any seriouscasefor
usingBSP2.If we assumethat � and � aresmall,comparedwith < and ? respectively, then
thebestspeedupfactoris achievedfor theDiamondDAG algorithm– speedupby a factorof� in thecommunications.Howeverthis is acompute-boundalgorithm– thatis to saythatthe
dominanttermin theBSPcostfunctionis thecomputationelement.So,thereis noparticular
benefitin speedingup thecommunicationsby, say, a factorof 10.

Theonly algorithmwe have consideredthat is not compute-boundis PSRS.In this case
thereis no benefitat all in BSP2parallelisationanyway. In general,irregularproblemscan-
not benefitevenfrom single-level BSPdatalocality, thereforethesecondlevel of datalocal-
ity is of little use.
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4 Conclusions

The BSPmodelhasproveda trusty tool in the disciplineof parallelprogrammingfor pro-
ducingreliableandportablecodes,with predictableefficiency. Now, however, additional
complexity in thehardware,forcesa review of themodel.

Herewehaveconsideredhow to extendtheBSPmodelhierarchicallyin anattemptto ex-
ploit fastlocal communications.However, noneof thealgorithmswe have analysedshows
any significantbenefitfrom this approach,evenwhenlocal communicationis severalorders
of magnitudefasterthat remotecommunication.It seemsthat thescalabilityof eachof the
wide rangeof algorithmsconsideredis fundamentallyconstrainedby theslowestcommuni-
cationpathsin thehardware,andthepresenceof fastlocal links maybeof little benefit.

Thefailureof theBSP2modelto provideany majorperformancegainprovidesa strong
casefor using the existing, flat BSP model to programhierarchicalarchitectures,suchas
we have considered.Manufacturers’effort shouldbedirectedtowardsimproving theglobal
communicationfactors,in orderto bring themascloseaspossibleto thoseachievedlocally.

Oneimportantdesigndecisionwe took, whendefiningthe BSP2computer, wasto as-
sumethat all communicationbetweenBSPunits is serialisedthroughsinglepointsof con-
tact.Thealternativewouldhavebeento allow eachprocessorwithin aunit parallelaccessto
theouterworld.
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This modelwould requireanadjustmentto how �#" , thecommunicationcomponentof a
super-superstep,is calculated.Now it would bedefinedasthemaximumamountof global
communicationperformedby any oneprocessorin the system. We have analysedall the
algorithmsfrom section4 usingthis slight variantof themodel,andwe have foundthatit is
essentiallyequivalentto theBSP2computer(with parameter? replacedwith ?�� � ). Sothere
is noextra informationthatis likely to berevealed.

Oneapproachto programmingSMPclusters,thathasbeenalreadybeeninvestigated[5],
is to useacombinationof sharedmemoryprogramming(by compilerdirectives)at thelevel
of eachSMPunit andexplicit messagepassing(with MPI) betweenSMPs.Thismixed-mode
styleof codingwould requiretheprogrammerto beproficientin both formsof parallelisa-
tion. Theuseof asingleconsistentmodel,suchasBSP, shouldbeappealingto programmers
whencontrastedwith this hybrid approachconsideredby others.Theexistenceof a metric
for performancepredictionis alsoamajorbonus.
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